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Abstract 
Our paper is devoted to embeddings of the rational numbers Q into exotic groups, linear spaces 
and fields, all of which carry a complete sequential convergence compatible with the algebraic 
structure. We enlarge the usual metric convergence on Q and study the impact on the categorical 
sequential group completion of Q. We compare the completion with the real line. In particular, we 
construct a convergence compatible with the group structure of Q such that the resulting completion 
is a Q-linear space and the real numbers are a proper subspace of it. 
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1. Introduction 
Each irrational number is an equivalence class of Cauchy sequences of rational num- 
bers, totally divergent in the usual metric sequential convergence. If we enlarge the con- 
vergence, then the structure of Cauchy sequences can substantially differ from the usual 
one, leading to the real numbers. Magnin [ 111 showed that the complete monothetic metric 
group G constructed in [ 141 yields a completion of Q (carrying a metric coarser than the 
usual one) which contains R as a proper subgroup. Note: G contains torsion elements. Frie 
and Zanolin [g] showed that every coarse sequential convergence on Q (compatible with 
the group structure and coarser than the usual metric convergence) is already complete. 
In the present paper we show how the process of enlarging sequential convergences 
leads to complete groups containing the real numbers as a proper dense subgroup. The 
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new numbers form a Q-linear space, the bounded part of which (i.e., limits of bounded 
sequences ranging in Q) is R. We do not know whether any of the resulting groups can 
be obtained via a metric convergence, or some generalized metric convergence (see [lo]). 
To introduce our topics,.we recall some basic notions. See [7] for background infor- 
mation about sequential convergence. 
Let N denote the set of natural numbers (positive integers). For clarity, we use the set 
MON of strictly monotone maps of N into N to define subsequences-for each sequence 
s = (S(n)) E x PJ of points in a nonvoid set X and each s E MON, the composite 
S o s = (S(s(n))) denotes the subsequence that corresponds to s. 
Let X be a group, a linear space, or a field. (Note: all our groups are Abelian.) By 
a sequential convergence on X, we understand a collection IL c XN x X of sequences 
and their limits. We always assume the axioms (F), (S) and (L): 
(F) if S -+ x then S o s --+ x for each subsequence S 0 s, 
(S) (x) -+ x for each constant sequence (z), and 
(L) the algebraic operations are sequentially continuous. ’ 
Further, (H) denotes the uniqueness of limits and (U) stands for the Urysohn axiom: 
given S and Z, if for each s E MON there exists t E MON such that S o s o t + x, 
then S -+ x. Usually we consider FLUSH-convergences, but sometimes we work with 
FLS-convergences or FLSH-convergences. A sequence S in X is said to be Cauchy if 
(S o s - S o t) --t 0 for all s, t E MON. As usual, if all the Cauchy sequences in X 
converge, then (X, IL) is said to be complete. Each FLUSH-group (X, IL) has a Novak 
completion Y(X, IL), constructed as follows (see [ 121): 
the underlying group of v(X, IL), which we call the hull of (X,lL), consists of all 
equivalence classes [S] of Cauchy sequences, where T E [S] iff (T - S) + 0; 
then the hull carries the finest FLUSH-convergence such that S + [S] for each Cauchy 
sequence S. 
This construction yields an epireflector (a dense embedding with the universal map 
property). 
Finally, let 2, Q and R denote the sets of integers, rational numbers, and real num- 
bers respectively; M and M[R stand for the usual metric convergences on Q and R, 
respectively. 
2. Exotic extensions 
We start with a brief survey of exotic extensions of Q. 
Novak [12] took the first step: he proved that R can carry a complete FLUSH- 
convergence IL1 such that Lt ]Q = M and ILt is strictly finer than MR. Note: Novak’s 
construction of v yields the finest of all such FLUSH-convergences on R. 
2 In other words, the algebraic operations are compatible with the convergence. 
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As shown by R. Bbrger, R can carry a complete FLUSH-convergence IL:! compatible 
with the field structure of R such that IL2 5 MR and IL~]Q = M; in fact, there are exp c 
such convergences, the sequential order of which is WI, see [4]. 
Paulik [13] constructed a field X 2 R carrying a complete compatible FLUSH- 
convergence R such that K]Q = M and K(R is not contained in MR. It is not known 
whether R is sequentially closed in (X, JK). 
There is an incomplete FLUSH-convergence IL’ compatible with the group structure 
of R such that IL’ C &!R and IL’] Q = M, see [7]. Then Q is topologically dense in 
(R’,K’) = v(R,IL’) and R’IQ = M. H owever, there is a point in R’ \ R which fails to 
be a limit of any sequence ranging in Q. Such situations are studied in [6]; the points of 
X \ R are called group hyperreal numbers. 
By contrast with this, the group G constructed in [14] yields a situation in which Q 
carries a me&able FLUSH-convergence IL such that MI 5 IL, G is the hull of (Q, IL), 
R 5 G, and each point of G \ Q is a limit of a sequence ranging in Q, see [ 111. The 
relationship between IVll and IL can be formalized as follows. 
Definition. Let Y be a group and let RI, i& be FLUSH-convergences on Y such that 
RI c lb. If the identity map of (Y, Ki) onto (Y, IK2) extends to a one-to-one map of the 
completion v(Y, lK1) into the completion v(Y, IKz), then K2 is said to be a conservative 
enlargement of RI. 
Conservative enlargements (particularly the maximal ones) and their categorical gen- 
eralizations (in suitable concrete categories we can define a conservative modification 
of the structure with respect to a reflector) are studied in [2]. Note: there is no proper 
conservative enlargement of M compatible with the field structure of R. 
Now, let lL be a FLUSH-convergence on Q such that M 5 IL. Let (R(IL), K) denote 
the Novak completion of (Q, IL). We are interested in situations in which the hull R(lL,) 
is a divisible torsion-free group and we intend to compare R(lL) with R. Our goal is to 
present three constructions of IL such that: 
(1) Q cf WI 5 R 
(2) R(L) = R, 
(3) R 5 R(L). 
The first construction is a quotient-type enlargement of M described in [3]. 
Construction 2.1. Let { 1, e} U B be a Hamel basis of R, as a linear space over the 
scalar field Q. Let F denote the linear subspace generated by {e} and let IL denote the 
(MR, F)-enlargement of M. Then (see Theorem 2.4 in [3]) 
(i) IL is a FLUSH-convergence compatible with the group structure of Q; 
(ii) a sequence 5’ E Q“’ converges to 0 under IL @for each s E MON there are 
t E MON and q E Q such that the subsequence s o s o t converges to qe under MI& and 
(iii) if S E QN converges to x under IL, then S is bounded and for each q E Q the 
sequence qS converges under IL to qx. 
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Let X denote the linear subspace of the linear space R over Q generated by L3. We 
claim that the hull R(IL) of (Q,IL) is exactly X. The proof follows from a series of 
straightforward assertions. We omit the details. 
Claim 2.1.1. Let S E QN be an IL-Cauchy sequence. Then 
(i) 5’ is bounded and for each s E MON there exists t E MON such that the 
subsequence S o s o t is MR-convergent in R; 
(ii) qS is an IL-Cauchy sequence for each q E Q; and 
(iii) 5’ is totally IL-divergent ifffor each s E MON there exists t E MON such that 
the subsequence S o s o t is MR-converging to some point of X \ (0). 
Claim 2.1.2. Let S, E QN be a sequence MR-converging to xi E X \ {0}, i = 1,2. 
Then 
(i) S1 and Sz are totally divergent IL-Cauchy sequences; 
(ii> ~1 # x2 i#Sl $ [SZ], i.e., 5’1 and S2 are nonequivalent. 
Claim 2.1.3. R(lL) = X. 
Note: further information about bounded enlargements and their relationships to the 
Nova completion can be found in [ 11; also Claim 2.1.3 can be proved via Theorem 11.9. 
The second construction is based on properties of coarse convergences. Recall that a 
FLUSH-convergence K on a group X is coarse if there is no FLUSH-convergence on 
X strictly coarser than K. Via Zorn’s lemma, each FLUSH-convergence can be enlarged 
to a coarse one. 
Construction 2.2. As shown in [5], MR can be enlarged to a FLUSH-convergence such 
that the sequence (2n) converges to 0. Let IK be a coarse FLUSH-convergence on R 
such that M, C K and (2n) converges to 0. Let IL = K/Q. 
Claim 2.2.1. M 5 IL and R(iL) = R. 
Proof. Clearly ((2”), 0) E JL \ M. Since R is a divisible torsion-free group, by Theorem 
5 in [8], the group (R, JK) is complete. It is easy to see that R is the hull of (Q, IL). 0 
Trivially, IL is a conservative enlargement of M. 
3. Tkue conservative enlargements 
In this section we construct an enlargement IL of Ml such that the hull of (Q, IL) is 
a divisible torsion-free group properly containing the real numbers (in particular, IL is a 
conservative enlargement of Ml). 
To construct the desired enlargement IL, we need some simple facts (see [9]): in each 
FLS-group (X, K), the set of all sequences that converge to 0 forms a group K+(O); 
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this group determines the entire convergence; and in particular, R has unique limits iff 
(0) is the only constant sequence that converges to 0. 
Crucial role in the construction of IL plays the possibility to enlarge M via a set of 
unbounded totally M-free sequences, see [3]. Simply we try to extend R as a Q-linear 
space by adding some unbounded Q-independent elements, without destroying M as the 
bounded part of IL. 
Recall that a sequence S E QN is said to be totally M-free if for each Q E Q there 
exists a FLUSH-convergence MI, on Q that Ml c Ml, and 5’ -_) q under M,; more 
generally, a set E c QN is said to be totally M-free if for each map f : & + Q there 
exists a FLUSH-convergence &ll~f on Q such that Ml c MIX and S -+ f(S) under MIX 
for all S E E. 
Construction 3.1. Let { 1) U B be a Hamel basis of R, as a linear space over the scalar 
field Q. For each b E B, choose a sequence Sb E QN which converges in the real line 
to b; put &g = {Sb; b E B}. Then 
(i) &g is totally M-free-in fact, it is a maximal totally M-free set in the class of all 
bounded sequences in Q [3, Theorem 2.81; 
(ii) each unbounded sequence T E QN has a subsequence S such that &g U {S} is 
totally M-free [3, Lemma 3.31; and 
(iii) EB U {S} . 1s contained in a maximal totally M-free set of sequences in Q [3, 
Theorem 3.21. 
Let I, Eg $ E, be a totally M-free set and let U be an index set such that Err = 
{SZL: u E V} = & \ Eg. We construct IL in three steps. 
Step 1. Let A be the smallest subgroup of the group Q” containing M+ (0) = {S E 
QN; S -+ 0 under M} and all sequences of the form S, o s - S, o t, u E U, with s, t E 
MON. Then [9] there exists a FLS-convergence K on Q such that A = K+(O). Further, 
since E is totally Ml-free, there exists a FLUSH-convergence IK’ such that Ml c K’ and 
S + 0 under IK’ for all S E E. But R has unique limits, because K c R’. 
Step 2. Define dd = {(zcn/k): (5,) E A, lc E N}. Clearly, dd is a subgroup of QN 
closed under taking subsequences, containing no constant sequence except (0). Hence 
there exists a FLSH-convergence dK on Q such that dd = dK+(O) and (qxCn) + qs 
under dR whenever (zcn) + z under IK and q E Q. 
Step 3. Let IL be the Urysohn modification of dlK (recall that IL is the finest of all 
FLS-convergences IL’ on Q such that dK c IL’ and IL’ satisfies the Urysohn axiom; if 
a convergence has unique limits, then its Urysohn modification has unique limits, too). 
Obviously, (qxn) -+ qz under IL whenever (zCn) + J: under IL and q E Q. 
Claim 3.1.1. Each S E E is totally divergent. 
Proof. Since & is totally M-free, for each map f : & + Q there exists a FLUSH- 
convergence M”I[~ on Q such that M c Mf and S -+ f(S) under Mf for all S E E. Since 
IK is finer than each MIf, no subsequence of S converges under R. So by definition of 
IL, no subsequence of S converges under IL, for each S E E. 0 
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Claim 3.1.2. IL is a conservative enlargement of M. 
Proof. Let V and W be nonequivalent Cauchy sequences in (Q, M). It suffices to prove 
that V and W are also nonequivalent Cauchy sequences in (Q,IL). First, since { 1) IJ B 
is a Hamel basis of R over Q and the Ml-Cauchy sequence V - W does not converge 
to 0 under M, V - W can be written in the form of (qo) + cf=, q$U(i) + T, where 
k~{O}uN,qo,qi~Q,u(i)~B,i=l,... , k, T -+ 0 under M and qi # 0 for at least 
onei E {O,l,... , k}. Now, suppose on the contrary that V - W converges to 0 under 
IL. Then there exists s E MON such that 
(V-W)os= ~~qij(siOSij-SiOtij)+T' , 
i=l j=l 
whereC,e(i)EN,qijEQ,SiE&u,sij,tijEMON,j=l,..., e(i),i=l,..., land 
T’ -+ 0 under M. For a suitable f : Q + (0, 1) we construct a FLUSH-convergence Mf 
on Q such that M c Mf and S -+ f(S) under Rll~f or all S E E. On the one hand, 
V - W converges under Mf to some q E Q, q # 0, and on the other hand, (V - W) o s 
converges under Mf to 0, a contradiction. q 
Claim 3.1.3. Let R(lL) be the hull of(Q, IL). Then R(IL) is a torsion-free divisible group 
properly containing R as a subgroup. 
Proof. Let T be a Cauchy sequence in (Q, IL) and let [T] denote the class of all IL,-Cauchy 
sequences S such that T - S converges to 0 under IL. By construction, q[T] = [qT] for 
each q E Q. Claims 3.1.1 and 3.1.2 complete the proof. •I 
Consider R(IL) as a linear space over the scalar field Q and R as its linear subspace. 
As a rule, for b E B and u E U we put [Sb] = b and [&I = 21, respectively. Let 
H = { 1) U B U U and let h be the canonical one-to-one map of H onto { (1)) U EB U Eu. 
Claim 3.1.4. The set H is Q-linearly independent, Moreovel; if & = &B U &u is a 
maximal totally M-free set, then H is a Hamel basis. 
Proof. Assume that 
F 
f=, qiai = 0 for some k E N, qi E Q, ai E H, i = 1,. . , k. 
Then the sequence cizl q&( a i) converges to 0 under IL. Hence it can be written in the 
form of 
e e(i) 
where fJ,fJ(i) E N, qi2 E Q, Si E Err, Sij,tij E MON, j = 1,. . . ,l(i), i = 1,. . . ,l 
and T + 0 under M. Because E is totally M-free, we can choose a suitable map 
f:E+{O,l} d an easily verify that qi = 0 for all i = 1,. . , k. 
Now, let & be a maximal totally M-free set. Let H’ be a Hamel basis such that H c H’. 
Suppose on the contrary that H’ \ H # 8. For each a E H’ \ H choose an lL-Cauchy 
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sequence S, E Q* such that [Sal = a. This defines a one-to-one map h’ of H’ into Q* 
such that h’ 1 H = h. Let f be a map of H’ into Q. To each IL-Cauchy sequence S E Q* 
assign a rational number q(S) as follows: if [S] = C,“=, qiai, where k E N, qi E Q, 
ai E H’, i= l,... , k, then put q(S) = c,“=, qJ(h’(ai)). Clearly, this procedure yields 
a FLSH-convergence on Q; let Mf denote its Urysohn modification. Since Ml c Mf and 
S, -+ f(Sa) under Mf for all a E H’, this contradicts the maximality of E. 0 
Problem. Characterize totally M-free sets E = &B U E” such that H = { 1) u B u U is 
a Hamel basis of R(lL) over Q. Can U be a singleton? 
Let & = &&J&u be the totally M-free set from Construction 3.1. Clearly, the cardinality 
of&r, is at most that of the continuum. We show that the cardinality of Ev can be exactly c. 
Construction 3.2. Let S be an unbounded sequence of rational numbers such that 
lS(n+ l)\ > rP(1-t IS(n)]), n E N. 
By [3, Lemma 3.31, &B U {S} is totally M-free. Let {N,: CY E c} be an almost disjoint 
family of infinite subsets of N. For (Y E c let sa be the strictly increasing map of N onto 
N, and let S, = S 0 s,. 
Claim 3.2.1. The set &B U {So: LY E c} is totally M-free. 
Proof. Assign to each S,, a E c, a point q(cr) E Q. Let R be the finest of all ES- 
convergences K’ on Q such that Ml c K’ and S, -+ q(cy) under IK’ for all (Y E c. It 
suffices to prove that IK has unique limits. 
So, suppose on the contrary that for some q E Q, q # 0, the constant sequence (q) 
belongs to IKe (0). Then 
e e(i) 
(4) = CC zij (So(i) 0 sij - q(a(i))) + T 
i=l j=l 
where !,e(i) E N, -tij E 2, sij E MON, o(i) E c, j = 1,. . . ,l(i), i = 1,. . ,_t, and 
T + 0 under M. Since each S,,,) 0 sZj is a subsequence of S, we can write 
k 
(q) = C zi(S 0 st - qi) + T, 
i=l 
where lc E N, zi E 2, si E MON, qi E Q, i = 1, . . . , k. Clearly, we can assume that 
z~#Oforalli~{1,...,k}andifi#j,thens~(n)#s~(n)foralln~N(remember 
that {N,; (Y E c} is an almost disjoint family and if si(n) = sj(n) for infinitely many 
n E N, then we can pass to a suitable subsequence and identify the two sequences in 
question). Because IS(n + l)] > n”(1 + IS(n)])), n E N, the sequence 
k 
C”i(SOSi-qi) 
i=l 
is unbounded, a contradiction. 0 
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